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Two-dimensional noise-sustained structures in optical parametric oscillators
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The problem of two-dimensiondPD), transverse, noise-sustained pattern formation is theoretically and
numerically studied, in the case of an optical parametric oscillator, for negative signal detuning. This gives a
complete analysis of a 2D, convective, pattern forming system which is also relevant to more general 2D
physical systems. For the optical parametric oscillator, the transversal walk-off due to the nonlinear crystal
birefringence, exploited to phase match the frequency down-conversion process, turns the instability to con-
vective up to a certain threshold. In this regime, noise-sustained patterns can be observed. These structures are
a macroscopic manifestation of amplified microscopic noise which, in the context of optics, can be of quantum
nature. Directly observable properties of the near and far field as well as statistical properties of the spectral
intensity help to distinguish noise- from dynamics-sustained structures. Moreover, the analysis indicates that
the walk-off term breaks the rotational symmetry of the 2D model. This causes a preferential selection of the
stripe orientation, which would be otherwise random, the modulus of the wave vector being the only restricted
value. At the convective threshold an entire set of spatial modes becomes unstable, whereas the threshold of
absolute instability depends on the relative orientation of the mode. Beyond the threshold for absolute insta-
bility, this causes the coexistence, in the linear regime of evolution, of modes that are absolutely unstable, and
others that are only convectively unstable. The numerical solutions of the dynamical equations of the system
under study confirm the analytical predictions for the value of the instability thresholds and the kind of pattern
selected. Moreover, they allow us to investigate the nonlinear regime showing qualitatively the coexistence of
modes with different types of instability and giving a quantitative characterization of the transition from
noise-sustained to dynamics-sustained struct{i8&)63-651X98)14308-§

PACS numbg(s): 42.65.5f, 42.50-p, 42.65.Y]

I. INTRODUCTION encouraging. This interest stems from the foreseen applica-
tions in the field of all-optical processing and storage of in-
Pattern formation in nonlinear optical systems is the obformation[1], as well as from the fact that OPO’s can gen-
ject of an intense investigation, both theoretical and experi€rate squeezef??] and other nonclassical states of light
mental[1]. Spontaneous pattern formation has been observel@3]: FOr the latter reason they are thought to be a paradig-

or predicted in many different nonlinear optical systems sucti"2lic example of the interface between classical and macro-
) o : . scopic quantum patterri@4]. In this regard, there are recent
as nonlinear Kerr media in resonatd3], Kerr slices in

. : : ; studies which focus mostly on the quantum correlations as-
single mirror feedback configuratiqd—7], two-level atoms ¢ .iated with a pattern forming instabilifg4—29. There,

[8], atomic and molecular gas medi#10], second harmonic  particular attention is paid to the noisy precursors observed
generation[11], and optical parametric oscillatofd2,13.  pelow the threshold of the instability, because they are spa-
The range of observable patterns and parameter range of offally organized manifestations of quantum fluctuations. This
servation are highly enhanced when considering the extraituation is, from the classical viewpoint, conceptually
degree of freedom associated with the polarization of lightquivalent to the convection experiments of R80], aimed
[14_13_ Stripes, squares, hexagons, and more Comp|icate@t Charf_alcterizing_ thern_1a| fluctuations. In both Cas_es Sp_a}tial
stationary and dynamical patterns have been observed afgrelation are investigated very close to the instability
characterized in the publications. A description of many ofthreshold where fluctuations are weakly damped. In the clas-

these phenomena in terms of universal amplitude equatior%cal case, features in the correlation functions such as noise

) . S : .. squeezing under the minimum classical level are obviously
?A\c’)zz tsr;r(;illgril(yV\(l)TJIgzr\l/r:etgri(l:qogtnheecrtss;;eeglglcal patterns W'thabsent. The analogy with other experiments in classical fluid

: ; _ dynamics[31] has suggesteB2] that nonlinear optical sys-
Nowadays, optical parametric oscillatof®PO’9 are  tems can present macroscopic, noise-sustained structures,
among the most attracting optical devices where pattern forahove the threshold of the instability in the so-called convec-
mation is studied12,13,19,2Q and the recent experimental tively unstable regimé¢33]. This phenomenon refers to the
observatio21] of spatial patterns in quadratic media is very situation when local perturbations of the steady state can be
advected much rapidly than their rate of spreading. In this
case macroscopic patterns can arise and be observed only if
*Permanent address: Center for Nonlinear Phenomena and Comeise is continuously applied, the pattern now being regen-
plex Systems, Universiteibre de Bruxelles, Campus Plaine, Bou- erated at any time, hence the name noise-sustained struc-
levard du Triomphe B.P. 231, 1050 Bruxelles, Belgium. tures. These structures are the result of noise amplification,
TURL: http://www.imedea.uib.es/PhysDept with magnification factors of several order of magnitudes.
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They are thus interesting candidates for the study of quantum  "7777°° L J

correlations in spatially structured systems. This situation is ’Cs(c"s)

distinct from that of the noisy precursors, where noise is A (co )

selectively enhanced, but not amplified, by the nonlinear spa- P\ p

tial filtering effect. v /c-( w;)
Noise-sustained structures were predicted and character- AN

ized in optical passive cavities filled with a nonlinear Kerr

medium and pumped by a tilted external begdg]. In this

situation the advection motion is induced by input pump
beam tilting[34]. Here we show that the convectively un- _
stable regime and thus noise-sustained structures are alSBVersion process

found in type-l degenerate OPQO'’s for positive signal detun- , . : ) .
ings. The present extension includes important featurefor example, of a ring resonator with flat mirrors, filled with

which are either peculiar to the OPO or of wider interest ina duadratic £*) nonlinear medium and pumped by an ex-
the study of convective instabilities in other physical sys-ternal laser source of frequenay,. The output mirror al-
tems. lows a fraction of the internal field to leak out, for detection,
In this paper a transversal two-dimensio(2D) model is  in the near fieldNF, i.e., close to the output mirrpand far
considered for the OPO. Note that the 1D model of IR&2]  field (FF, far from the deviceconfigurations. In this system
was justified by both theoreticf?,34] and experimentdl6] the FF is the spatial Fourier transform of the NF. Under
results on the drift instability in nonlinear Kerr devices simi- suitable experimental conditiongwhich we will soon
lar to the one we considered. For the OPO this simplificationspecify) together with the residual input beam @, two
is generally avoided, and the investigation is directed towargydditional frequency componenis, and w; (usually called
2D transverse devicdgd2,13,19,2Q We want to stress that, the signal and the idlgrcan be detected at the output port.
in spite of the particular choice of the OPO, the features thafhey are generated by the nonlinear interaction which takes
are found belong very generally to the whole class of 2Dpjace inside the crystal: light quanta of the pump beam are
convective, pattern forming systems. To the best of oulyown-converted taw; (signa) andw; (idler) photons via the
knowledge the generation of noise-sustained structures Wasyrametric process, which is sketched in Fig. 1. This process

never studied before in a 2D system, though the theory Of highly efficient when two conditions are satisfigg¥,39:
convective and absolute instability in higher-dimensional

FIG. 1. Schematic representation of the frequency down-

systems was developed in plasma phy$RSs,36. We will wp= w5t w;, (1)
show that pattern formation is highly affected by the advec-
tion term in the convectively unstable regime and also that Kp(wp) = Ks(@s) + Ki( ). 2)

this is an important result in the absolutely unstable regime.

In fact, the advection breaks the rotational symmetry of therhese represent, respectively, the conservation of the energy
system, and this causes a preferential orientation of th@nd momentuni41] of the photons involved in the interac-
stripes, which can be explained only if the analysis is carriedjon. In the remainder of the paper we will assume the down-
out taking into account the possible convective nature of theonversion process to be frequency degenerated,wie.
instability. _ _ 3 = w;= w, (hereafter the fundamental harmonic, JFHence

It is also worth noting that in the specific case of OPO'Sgq. (1) implies that w,=2w, (hereafter the second har-
the convective regime can hardly be neglected because birgyonic, SH, or simply t%e pump
fringent crystals are used to phase match the down- Asfor Eq.(2), it means that the process requires a phase-
conversion process. As known, the anisotropy of the mediungatching condition for the wave vectors which can be re-

implies that a transverse walk-off effect among the beamsyyitten (taking into account the frequency degenejdnythe
due to the misalignment of the Poynting vect§8y-39,  form

can occur. This means that an advection term is present in

the governing equation, even when the pump beam is aligned Ns( o) + N;i(wg)

with the cavity. Moreover the typical walk-off angle can of- Np(200)= ————, 3
ten be larger than a few mrad and thus this effect is expected

to overcome finite-size locking effects t940]. wheren, < i(w) are the refractive indexes of the pump, the

Eignal, and the idler, which in general depend on both the

t_he mo_del u;ed to repre_sent a typg—l degengrate .OPO' Sq?équency and the polarization of the fields. The phase-
tion Ill is dedicated to a linear stability analysis, which takesmatching condition(3) cannot be trivially satisfied for an

into account the possible convective nature of the instability rbitrary choice of the frequency and of the nonlinear me-
In Sec. IV, we analyze the generation of the noise-sustaine@

" fruct d ch terize the tvpical feat jum. Quite often birefringence is exploited, since it allows
convective structures and characterize the typical 1ealures o, compensate for the index frequency dispersion by

the pattern. A discussion about the possible the experiment eans of orthogonally polarized wavig?,39. In fact, in a

observation of such structures and the conclusions are prépiqyia) birefringent crystal there exist two preferential or-

sented in Sec. V. thogonal linear polarizations, propagating independently
with a different refractive indexfor a discussion of the nor-
mal modes of a birefringent medium; see, for example Ref.
In this section we introduce the set of semiclassical equal42]). Thus there are two types of phase-matching conditions
tions we use to model the OPO. Such a device may consist37,39: one involves polarization nondegenerate, down-

Il. GOVERNING EQUATIONS
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converted beams, i.e., the polarization«gfis orthogonal to  signal generated is reinjected collinearly with the pump at
that of w; and is usually referred to as the type-Il matching.the next pass, but slightly displaced in the walk-off direction.
The type-l phase matching, conversely, involves polarizatiomhe mean-field approximation is thus averaging out the ef-
degenerate output photons, i.e., the signal and the idler haect of this continuous space displacement of photons. We
the same polarization which is orthogonal to that of thehave performed all steps and finally obtained the following
pump in order to satisfy Eq3). We will consider only this equations for the envelopes of the $My(X,y,t), ordinary
second case, because type-l phase matching is a commepnlarized and FH(A;(x,y,t), extraordinary polarized(see
experimental setup in second harmonic generat®HG)  also Refs[12,13,19,48):

and OPQ’'Y37,39,43, and because this reduces the number

of equations which govern the phenomenon. In this case 9 Ag= yo[—(1+iAO)A0+E0+iaoV2Ao+2iK0A"11]

Np(2wg) = Ng( wg) = Nj( wg) = N. (4) +Veoko(X,y,1), (5)

The aim of reviewing these well known features of the para- o . . 2 . %
metric down-conversion is to stress that this process is com-2AL= Yl = (AHIADAF prdyAs +ia VAL 1K oAT Ao
monly obtalned by means of birefringent mec_:ila anq orthogo- + \/6_151(X,y,t), (6)

nally polarized beams, a fact that brings important

consequences. In fact, except for the particular case in which S .

the propagation takes place along an optical éximcritical ~Wherex andy are the transversal spatial dimensionshe
phase matching one wave is no longer polarized in a nor- time, and the coefficients are defined as follows. The decay
mal mode. It can be demonstrated that for this beam, calletptes of the SH and FH fields in the cavity ang;
extraordinary, the Poynting vector is not parallel to the=voilo/L, Wherevo, are their group velocitiesTo="T,
propagation directioriagain see Ref42] for detaily. Con- _=T<1 are the output mirror transm|§5|on coc_afflments, hnd
versely, the other orthogonally polarized beam still has itds the cavity length. The scaled cavity detunings are
Poynting vector parallel to the propagation direction, and is

thus defi_ned as an ordinar_y ray. T_hergfore, the_ordinary and A= (weo—200) yo— AKLITy, 7)
extraordinary beams go slightly misaligned during propaga-

tion, and they walk off one from each othg7-39,42.

The walk-off effect, though considered for modeling Ai=(we1— wo) v1, (8
pulse generation in OPO1sl4] and solitary wave propaga-
tion in SHG[45], has been neglected in the previous analy- .
ses of tranS\[/er]se structure forgmations in thepOPO’s. In pri%f—"mere“’CO'Cl are the cavity resonances closest to _the SH and
ciple it seems logical that this term could be neglected for its':H frequenu_es. The secpnd term in Hg) takes |r_1tq ac-

count a possible phase mismatklk of the parametric inter-

smallness in the noncritical or quasi-non-critical phase’” . ) . ;
matching (propagation direction close to an optical axis action. In order to be consistent with the MFL this term must

However, in the more general case and despite its smalInes[%grzrrnniltl’e;'ea'sA '; fo%/{/ l;] SNOO':;egl‘S%e tlr?;tlut?leed tlagr?(;?/v?d?wurgp?he
this term can be of fundamental importance as soon as t ase matching is m.uch laraer that the cavity modes and
presence of noise is considered. The effect of the transversffJ 9 9 y

walk-off is in fact equivalent, as it appears in the dynamical us, if present, t_he m'S’T‘a.tCh can be considered constant.
equations, to the pump beam tilting of the Kerr cE@. As Therefore, the limits of validity of this model are those set by

demonstrated in Ref.32], a convection term, like the one the SVEA-MFL approximatior(see Ref[8] for a detailed

introduced by beam tilting or walk-off effects, gives rise to adefinition) plus the additional C(_)I’ldiFiQﬂ ofa S”Fa” phase mis-
convectively unstable regime, where noise-sustained strungathA;)Hﬁri’jfor thg st?]ke Zf slng)phci:_tr)]/ , We W]LIfl s_up{oose that
tures can be observed. Moreover, we will show that in a 2 —ql_./ 5 Tc') N anh usar=9. 'he Coet'cc'ff? S"’;Pvl

system this term causes a preferential pattern orientation in (2k0,To1), Where xo1=xp,s, represent diffraction.

the absolutely unstable regime. This effect can be explaine hey aref IrEeIaAtfed %ﬁﬁ:fllz SincedKOZZKl as a got?se-
only by taking into account the mode selection mechanisnfiuence of Eq(4) and the frequency degeneracy, and because

introduced by the convectionlike term. e have previously sefo=T,=T. The coefficient p,

The equations governing the time evolution of the SH and_ Ltan(“l)/_Tl' wherea, 1S the angle between t_he SH and
FH field envelopes in the resonator can be obtained in twd'1 Poynting vectors induced Dby the birefringence
steps. First we can derive, in the slowly varying envelopa3’-39:42,4% is the walk-off param((ze)ter. The teriy(x,y, 1)
approximation (SVEA), the propagation equations in the IS the input SH pump an#,= wox¢xl/(nCT) the nonlinear
nonlinear medium, for example by means of a multiplecoefficient, where is the effective(quadratig susceptibil-
scales expansiofsee also Ref.39]). Then, by following the ity andn is defined by Eq(4).
guidelines of Ref[8] we can find, in the mean-field limit Finally, the last terms in the equations are complex,
(MFL), the time evolution equations when the medium fills aGaussian white noise with zero meag{(x,y,t))=0) and
ring resonator. In a ring cavity, photons are generated in theorrelations  (&;(x,y,t) g}‘ (X",y' t'))=26 ;6(t—t") 6(x
crystal and moves transversally with a walk-off angle that—x')8(y—y’) i,j=0,1. In a linearized version of Eq§5),
can be typically of the order of 0.1 mrad. So the actual dis-and(6), they describe quantum noise in the Wigner represen-
placement attained after the propagation in the crystal is vertation, as shown in Ref.28]. Here they can account for
small. Outside the crystal the waves are parallel, and thus thhermal and input field fluctuations as well.



3846 SANTAGIUSTINA, COLET, SAN MIGUEL, AND WALGRAEF PRE 58

ence frame, which makes the above definition unambiguous.
a) In the OPO, for example, the pump laser beam is present in
a well defined region of space, and thus it can be taken as the
. o » O fixed frame. The FH field moves transversally due to the
F N\ walk-off effect, and thus a perturbation of the FH might
! /\ y y leave the pump region at some time. Clearly, outside that
4 > portion of space there is no amplification via the down-
conversion process, and the FH fades because of mirror
x losses.

Thus we proceed by analyzing the parameter range for
which the system of equatiorfS) and(6) is stable, convec-
tively unstable, or absolutely unstable. Wheg,=0, the
equations have the following uniform steady state:

.>
v

»|
v

E
y = 0 =
s > Ao 1+iAg’ A1=0. ©)
x Yo To determine when the latter becomes unstable we can lin-

earize Eqgs(5) and(6) close to the steady state, and look for
solutions of the kind expd-r+At), where q is a two-
@ dimensional vector with real componenﬁﬁ(qx ,dy) eR?

and Fz(x,y). It turns out that the steady state becomes un-
stable only along the FH componer#,() of the eigenvector

‘y and thus the analysis reduces to the study of the linearized
4 g form of Eq. (6) with A, given by Eq.(9) [12,13,19,46 The
Yo dispersion relation obtained is

FIG. 2. Pictorial definition of the stable and unstable regimes in S 5 AT
a two-dimensional system with a transversal walk-off. The left A(Q)=iqypy— 1= ‘/F ~[Astay(a+ay) 1%, (10
(right) column is a lateraftop) view of a perturbation of the steady 2 2 2 o\ . .
state. Dashecbolid) curves represent the=0 (t>0) conditions for WhereF = K0|E0| /(1+ |A0| ) is a normalized pump inten-

(a) the stable(b) the absolutely unstable, arid) the convectively ~ SItY- o _ N _
unstable regimes. At the fixed positiog= (xo,yo) the field ampli- The determination of the nature of the instability entails

tude (a) decays,b) grows, andc) decays due to the strong advec- the estimation of the linearized asymptotic behavior of a ge-
tion compared to spread. neric perturbation of the FH steady state, saywhich is
given by
I1l. CONVECTIVE AND ABSOLUTE LINEAR

+ o + o - .
INSTABILITY ANALYSIS P(x,y,t) = Lﬁ Lc da,da, $(ax Oy, 0 exili (duX+ayy)

This section presents the linear instability analysis of the
steady-state solution of Eq&) and (6) which corresponds + (0, qy)t], (11
to the OPO below the threshold of signal generation. This
will be carried out according to the theory presented in RefswhereTp(qx,qy,O) is the initial perturbation in the spatial

[33,35,47 in order to be able to discriminate convective \aye-vector space, andq,,q,) is the eigenvalue with larg-

For tthe s.ak::‘ %‘fl?a;it% erl:;irst r;ecall Ithe definitlion OI thg According to the definition given abov€ig. 2), the sys-
convective instability for a system. In general, a stea ; > =
state is defined to be absolutely stalilmstable if a local- tem is (absplutely sta?le when w(r0+?t,f)|—>0 a§t—>w
ized perturbation decaygrows with time. In Fig. Za) and  or &ny arbitrary fixedr and any velocity [33]. Itis easy
2(b), we show these two situations for a system in whichto demonstrate that the condition tozhave absolpte_ stability is
advection is also present along thexis. However, there is  R&M(0x.dy))<0 for any @y,qy) e R %, because it yields an
a third possibility: the perturbation may grounstable but ~ intégral(11) dec%ymn%] with time.
the advection velocity could overwhelm the speed of spread- The modes §,’,q,) with the largest growth rate Rej
ing in the direction of the advectidiFig. 2(c)]. In this case are those of modulus
the perturbation eventually leaves the system which returns
to the steady state. This type of instability is defined to be 1(q™,9™)| == [_ ﬂ (12)
convective. Xy ¢ a,;

Clearly, the definition depends on the choice of the sys-
tem of reference; in fact, by choosing a reference frame mowif A;<0, and q,r(”,q;‘,")=(0,0) otherwise. In the following
ing at the speed of the perturbation peak we would alwaysve treat the casd ;<0 where the maximum of R&{ is
define a system to be absolutely stable or unstable. Howeverached on a ring of modes in the wave-vector sjdé&
in finite physical systems, there is always a preferred referThe threshold for parametric down-conversion takes place
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when Red)=0, i.e., whenF?=1, and above threshold for- 1.15 ' ' '
mation of a stripe pattern is expectgt,13,19,2Q e
When Ré\(qy,q,))>0 for some wave vectorgg,qy), 2 1.10 .
there can be two situations. We can either have that 2
l(r,t)|—o for any arbitrary value off (absolutely un- = o5
stablg or that|¢(ro,t)|—0 and|(ro+vt,t)|—= for some =
velocity v and any arbitrary, (convectively unstable Note 2
that for determining the asymptotic behavior of the perturba- 5 1.00
tion we only need to evaluate integrdll) for those values -
of (ax,4,) for which Re@\ (q,,qy))=0, the other modes giv- 0.95 I 1 I
ing no contribution(they are surely decayingThe extrema -40 -30 -2.0 -1.0 0.0
of the surface of integration are thus identified by the loci in DETUNING A,

the real planedy,q,) where Re{)=0. In order to illustrate

the integration technique, we first consider the analysis with "'C- 3- Stability diagram as a function of the FH detuning for
the steady-state solutid®). In the region below the solid line the

only On? spatial dimensiog—g. The complc_ex function of solution is always stable; the dashed curves represent the absolute
real variabler(q) can be analytically continued over the jngapility thresholds for different values of the walk-off parameter:
complex planek in the form\ (k/i). The previous real do- (g) p,=0.25,(b) p;=0.2, and(c) p,=0.15. The region between the
main of definition corresponds to a purely imagindty  solid and dashed lines is the domain of convective instability for a
Then, using the Cauchy theorem, we can equivalently evalugiven value ofp;. In particular, we shadowed the region referring to
ate Eq.(11) along any contour in the complex wave-vector p,=0.15(other parametersy,= y;=1 anda;=0.25). The staf*)

plane connecting the extrema of integration, provided thatnd the plug+) signs indicate the parameters used for the numeri-
the integrand has no singularities in the area bounded by theal solutions of Figs. 4 and 5, respectively.

original and the new contour. In particular we can evaluate it
for a contour which crosses a saddle pdigtn the complex
plane, along the direction of the steepest descent. The
asymptotic behavior of the integral is then given by the valueand thus the saddle is found through Etg) at
of the exponential part of the integrand calculated at the
saddle point. Eventually, if R&(kg))>0 this term diverges
and the instability is absolut@see an example in one dimen-
sion, Taylor-Couette flows in Ref49]). In two dimensions
we can proceed in a similar way and the integral yields an
absolutely unstable solution if the following conditions are

N(ky Ky)=—1+psk,+ VFZ—af(qi+ki+k5)2, (17)

2af[ g2+ (k)2 + (K))2Iks
VP —aflazr (2 (G192

2a8[ g2+ (k3) %+ (k) ?1ks

(18

. e pl_ =
satisfied: VF?=aiai+ (k) + (k;1%)°
Re(\ (k. kj))>0, (13  Forp;=0 the saddle solution of E¢18) coincides with Eq.
(12), and therefore the criterion of convective and absolute
Re(VE)\(kX vky)|k§,k§)201 (14)  instability coincides. Fop,#0, the saddle is given by
2al a3+ (K5)21kS
where (C,KS), defined by =0, py- oo LUGI T (19
VFZ-ailag+ (kp)?]
Vih(Ky ,ky)|k5 Wi ;:0’ (15  The second of Eq.19) was numerically resolved for a com-
X'y

is the saddle point in th& complex spac¢35]. Taking r
=rg+ut, for t—o the saddle is given by,;x(kx,kynki,k;

+iv=0. In the fixed reference frame of the pump beam,
=0, and so
VIZ)\(kx -ky)|k§,k§:0- (16)

To summarize: if R&\(ay ,qy))<0, where ' ,qy) is
the loci (in R?) of the maxima of ReX) the system is ab-
solutely stable; if R&\(qy',qy))>0 and Ré (k3 kj))<0
where 3 ,kj) is the saddle pointin C?), it is convectively
unstable and it is absolutely unstable if(Rek;,ky))>0.

For the OPO, by replacingq(,qy) with (ky,k,)/i, and
taking into account Eq12), we can rewritex . of Eq. (10)
as

plex kj together with R&\(0,k7))=0 to calculate the value
of F at the absolute instability threshold. The result is shown,
as a function of the FH detuningy,, in Fig. 3.

When the OPO is at threshol& & 1) andp,+#0, all un-
stable modes are convective; if the pump amplitude is in-
creased, the first mode to become absolutely unstable satis-
fiesk,=0 [the first of Eqs(19)]. The advection term breaks
the rotational symmetry and stripes parallel to xhaxis are
always the selected mode. In fact, from the value of the
saddle given by Eq(19) the selected wave vector can be
determined[50,51: in particular, we obtain the condition
dx=0. Note that this asymmetry cannot be ascribed to a
change in the growth rate of the most unstable modes which
is equal for all the modes on rinl2). The mechanism
which creates this selective action is related to the advection-
spreading balance peculiar to the convective regime, as we
mentioned in Sec. Il. Moreover, as at the absolute threshold
the only absolutely unstable modes are those close to
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g,=0, it is reasonable to assume that the remaining modes To summarize, the results of this section are the follow-
should be still convectively unstable. It is then interesting toing. In the OPQO'’s the presence of the walk-off term induces
address the question of the coexistence of absolutely urthe existence of a convectively unstable regime, just above
stable and convectively unstable modes. In the next pardhe OPO threshold of signal generation. In this regime per-
graphs we investigate, through a simple approximated analyturbations are advected faster than they spread. The walk-off
sis, this phenomenon. The predictions are qualitativelyterm does not change the growth rate of modes but breaks
confirmed by numerical solutions which are presented irthe rotational symmetry, because the critical modﬂé,q;“)
Sec. IV (see Fig. 6. have different spreading velocities in the direction of the
First, note that the position of the saddi€ (k;), and thus  advection. This causes the modes witl+ 0 to be preferen-
of the threshold of the absolute instability, depends on theially selected both in the convectively and absolutely un-
coefficient of the advection tergy [second of Eqs(19) and  stable regimes. Moreover, the symmetry breaking implies the
Fig. 3]. In particular, the fact that the faster the advection thecoexistence of absolutely and convectively unstable modes
larger the absolute instability threshold agrees with the intuiin a certain region of parameters in the absolutely unstable
tive definition we gave of the convective regirfee=e Fig. 2 regime.
The fact that the instability turns to be absolute when the rate Finally, we want to stress that these results, obtained in
of spreading of a perturbation is larger than the advection cathe specific case of an OPO, are actually very general and
be shown by means of a simplified mathematical analysiscould be extended to pattern formation in similar 2D, con-
Let's consider Eq(11) again, and make a Taylor expansion vective system. To our knowledge, this is the first example
of the eigenvaluél10) around a particular wave vector of the of a complete study of the formation of convective structures
ring given by Eq.(12): gy'=q.cos, qy'=q,siné, where the in 2D systems.
variable 0< = /2 represents the angle betweef'(qy)
and the axis @,,0). If the expansion is truncated at the sec- V.- CHARACTERIZATION OF THE NOISE-SUSTAINED
ond order in the differences— gj andg,— gy, the integral STRUCTURES
(11) can be solved analyticallgsee the 1D examples in Ref.
[47]) and the condition for the absolute instability becomes Noise-sustained convective structures, as well as features
associated to the 2D convective model, are presented in this
(Yot pit)? section as they result from the numerical solutions of the
2R (G g2 ) (20 dynamical equatlorj$5) and (6_). Nmse—sustamed .patter.n_s
yy Hx o Hy can be expected in the regime of convective instability,
o 2 . _— where no dynamics-sustained structure can be observed be-
whereh,,=d quy|q;“,q§‘- Finally, upon substitution ofyy cause of the overwhelming advection. In practice, the noise
calculated through Eq10) and ast—c, we obtain acts as a perturbation which, being continuously applied, re-
generates a new pattern at any time.
We show the integration of Eq$5) and (6) with a noise
intensity €,,=1.5x10" ' and with the same integration
scheme as in Ref32]. The system size was 32820 scaled

Equation(21) shows clearly that the larger the group velocity SPatial units, and the pump was a super-Gaussian beam:
p1 the larger the threshold value Bf for the absolute insta- E0(*:¥:t) =EmeXd —((x"+y?)/ 0)"/2], with m=5 and oy

bility. This approximated solution, valid when the Taylor =112; the grid was of 512512 points and the time step
expansion can be truncated at the second order angl riot 0.01 nprmahzed units. The super-Gaussian bgam is fIat' t_op,
too close to 0, is in agreement within a few percent, with theand this allows us to apply the results of the linear stability
exact resolution given in Fig. 3 fof= /2. Moreover, it analysis which are strictly valid only for a uniform steady
confirms that the modé= /2 (0g,) has the lowest thresh- State. We also sefo=7y1=1, Ag=1A,=-0.25,80=2,/2

old for absolute instability and indicates that for a normal-=0-125,Ko=1, andp,=0.15. This is equivalent to have

ized pump amplitudd above the threshold of absolute in- scaled, the time with the decay rate, the space with a multiple
stability the modes for which of the diffraction length, and the amplitude with the nonlin-

ear coefficient. Under this, or similar scaling, the equations
o = become dimensionless; thus all quantities in the figures are
0> eczarcsi'{ 1 \/ ) (22 dimensionless as well. Note that the parameters of the simu-
2611%\/E F-1 lations were chosen in order to make the visualization of the
results simpler, but they are not critical. Noise-sustained
are absolutely unstable, while the others are still convecstructures were also found with smaller beams, larger and
tively unstable. smaller advection terms, and different SH and FH detunings
The quantity Ré\,,(qy',qy))t can be interpretef47] as  and diffraction coefficients, close to the one presented.
the mean-square spatial spread of the perturbation in the ad- In the figures we do not show the whole integrating
vection direction. It is then clear that the mode with  window, but only the central parts. For the NF the spatial
=m/2 spreads faster than the modes with smallerand  region where the generated FH is appreciably intense
hence, although all modes on the ring have the same growtfjx| <103.75;-97.5<y<110) is shown; in the FF only the
rate Reﬁ)\(q)r(“,qym)), there are some modes which are pre-region of low spatial wave vectors around the unstable ring
ferred through a spreading selection mechanism. Eventuallys interesting [g,/<1.7/qy|<1.7). Moreover, we did not
the rotational symmetry is broken. show the SH, because this field is stable.

Re(\(ay',ay))+

2
1—-——5L——)>o. 21)

~1+F
8alqZsirt
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Qx

FIG. 4. The(a) near-field andb) far-field intensity images of
the pattern in the absolutely unstable regime are shawri00) FIG. 5. Same as Fig. 4 for the convectively unstable regime

in a linear gray-scale. The initial condition is zero for the FH and(+ of Fig. 3. The gray scale ofa) is the same as that of Fig(a};

the steady-state solution for Ehl? pump beam; the random noise Gf\e f4r field in(b) is scaled to its maximum to enhance the visibility.
the intensity, e,=¢€,=1.5X10 %, is continuously applied. The

other parameters as in Fig.(8), andAo=1. mon features of the dynamics-sustained patterns.

For a normalized pump amplitude F=1.025
For a normalized pump amplitude=1.06 E,,=1.5)(the (E,,=1.45)the cross in Fig. Ball unstable modes are con-

star in Fig. 3 the system is predicted to be absolutely un-vective and, after a transitory similar to the previous case, we
stable. In fact, after a transitory in which low intensity, ran- obtain the structure presented in Figga)5and 3b). The
domly oriented stripes appear, we obtain the NF and FF papattern is not stationary but drifts upward, as before. How-
terns shown in Figs. (4) and 4b). The NF structure is not ever, differently from the absolutely unstable case, observe
static but, because of the advection, drifts upward at thé¢hat the horizontal orientation is less marked, and some im-
speedp;. The stripes are mostly oriented parallel to the perfections, where stripes bend and turn out not to be hori-
axis, in agreement with the prediction that this is the mostontal, exist. Moreover, the pattern does not invade all the
rapidly spreading mode in the system. In the circular bordesystem, but rather it grows appreciably at a random position
where the pump intensity drops, stripes bend; this effectvell inside the pumping region. As not¢82], noise inten-
might be explained as a boundary eff¢t8,18. Note that sity could be experimentally measured by characterizing the
the pattern is occupying the whole region where the pump iswverage and dispersion of the spatial delay in the pattern
present; the stripes are well defined, and almost no imperfegrowth, as done in fluid dynamics experime&l]. All
tions can be observed. These characteristics are very corthiese features are typical of a noise-sustained pattern, and the
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FIG. 6. Intensity distribution for the different spatial modes as a 0.01 0.02 0.03 0.04

function of the angleg and the time as it results from a numerical FREQUENCY 0

integration. The intensity content of the mode's vsﬁtbloser to Zero FIG. 7. Spectral intensity of the field amplitude at a fixed spatial
tends to decrease because of the overwhelming advection, i.e., theﬁgsition (0,6.25) foF =1.0465(solid curve andF = 1.025(dashed
modes are convectively unstable. Conversely the most rapidlY:urve). The noise level was the same as that of Figs. 4 and 5. The

spreading modes, with large, are absolutely unstable and can dashed intensity spectrum has been multiplied three times in order
grow. The parameters are as for Fig*3, except fore;=€,=0 (no to make it visible in the scale of the solid one.
noise; the FH field was initially set to a small intensity, random
condition.
dicted absolute threshold, finding the same qualitative behav-

analogy with the 1D Kerr cad@2] is clear. In this 2D case ior. Unfortunately, a rigorous criterium to identify the critical
the pump amplifies a spatial structure generated from thangled. could not be found from figures like Fig. 6, because
noise at the bottom of the window. While the amplification of the strong influence of the random initial condition in the
goes on, the stripes, initially oriented randomly, drift upwarddynamics. Nonetheless, we have shown that the stability
and tend to rearrange along the predicted preferred wawveroperties of different spatial modes depend on the relative
vector. If the noise source is turned off, we also observedalue of the angl®. Above a certain critical anglé. modes
that the structure disappears in agreement with the predi@re absolutely unstable while below they are convective.
tion. Thus the prediction of Eq22) in this regard must be taken
The observation of the FF also reveals the differencegualitatively and not quantitatively, i.e., it is just an analyti-
among a noise- and a dynamics-sustained pattern. The FF @al indication of the coexistence of convective and absolute
Fig. 5(b) is made of two broadened arcs of the ring, and thisnodes.
qualitative behavior does not change even at larger times, As in Refs.[31,32, the easiest way, also from an experi-
since it is due to the fact that noise continues to excite almental viewpoint, to distinguish noise-sustained from deter-
modes, though somef&0) leave the system more rapidly ministic structures is through the time spectral analysis. This
than others §=/2). Conversely, Fig. @) shows much bet- is shown in Fig. 7; this picture presents the fast Fourier trans-
ter defined and intense spots close to the modes with form of the waveforms that could be recorded by placing a
=/2. These modes, as we will show below, are the absofield detector in the NF, where the pattern reaches its non-
lutely unstable ones, and their growth overwhelms that of thdinearly saturated valuén the example we chose the points
modes which are convectively unstable. x=0, andy=6.75), both for the convectivelyH=1.025)
Thus the results of the numerical integrations indicate snd absolutelyf=1.0465) unstable regimes. The difference
behavior in agreement with the theory with respect to thean the spectral broadening is remarkable; the absolutely un-
different behavior of the convectively and absolutely un-stable pattern spectrum has a variance equal to the frequency
stable modes. As stated, if the pump amplitude is slightlyresolution of the numerical integration X5L0™ %), while the
above the absolute instability threshold, we predicted thatonvective spectrum has abouk30 2, i.e. almost two or-
both absolutely and convectively unstable modes coexistlers of magnitude of difference. The average frequencies are
The latter group is expected to finally decay in intensity due) =0.0255(solid curvg and() =0.0239(dashed curve The
to the advection while the absolutely unstable modes keeformer is in good agreement with the value that can be pre-
growing for longer times. Eventually, the mode competitiondicted analytically by means of the results of Sec. Ill. In fact,
should lead to the selection of a single orientation in thethrough Eqs(17) and(19) it is also possible to evaluate the
pattern[18]. (rea) wave vector at the absolute instability threshold which
The phenomenon of modal coexistence discussed in Seis g,=1.09, and thus)=p,q,/(27)=0.026. As for the
[l is well captured in Fig. 6, where we show the total inten- convective case the average frequency is smaller because in
sity content of the modes<Q0#<#/2 in an absolutely un- this regime modes witlg,# 0 can be still excitedsee Fig.
stable situation. Note how a well defined set of motfes  5), and this causes stripe bending and eventually a decrease
small angles tends to grow initially but disappears on a in the oscillation frequency. Note that this feature is due to
larger time scale, due to its unstable but convective naturghe fact that a 2D convective system is considered, and it
Absolutely unstable modes, close to the most rapidly spreadwould be absent otherwise. The transition from one regime
ing mode #= 7/2, gather a much larger intensity and com- to the other is sharp, as we demonstrated in Fig. 8, where the
pete in the fully nonlinear regime. We repeated the numerivariances of spectra obtained in different spatial positions, as
cal integration with different random initial conditions and well as their average, are shown. The large spread observed
for different values of the pump amplitude above the pre-in the variance values is due to the relatively short time of
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0.04 ' ' F=K,|Eq|=1 if Ag=0 (small pump detuning and mismatch
are conditions which can be easily attained in real experi-
A ments. Let us seta;=1 which yields a normalized beam
< diameter of 80 scaled units, and thus fix the spatial Amit
ooz « n =Ay to about 6_0,um. This diffraction coefficient is larger
‘ /*\g\ than that used in the numerical examples of Sec. IV, but
. noise-sustained structures can be found also in this case. Dif-
o R fraction affects the wavelength,=27/k; of the observed
o stripes through Eq.12) as well as the threshold of the abso-
0 | lute instability. In particular, the largea;, the smaller the
1.01 1.03 1.05 1.07 threshold. However, with a walk-off angle on the order of
PUMP AMPLITUDE F 0.1 mrad we also obtaip;=0.27, i.e., larger than that used
) 5 o _in the numerical example shown. If the FH detuning is still
~ FIG. 8. Variancesj; of the spectra detected in different posi- get oA, = —0.25, the region of the convective instability is
tions (xi.yj); i=1,2 and 3 andj=1, and 2 withx;=  he same as faa,=0.25p,=0.15. In fact, Eq(21) [and Eq.
=25, xp=0, X3=25, y; =37.5, andy,=68.75 and their aver- (15 o A fixed] shows that the position of the absolutely
age(solid line). The positions correspond to the symbols; /1) unstable threshold actually depends on the r,aiia which
filed triangle; (¢;.y,) star: (3, ya) triangle; &;.y) filled squares o "o o t0r the numerical resolution and thi;’estimation
(X,,Y5) cross; k3,Y,) square. The dotted vertical line indicates the - . - :
threshold predicted theoreticallgee Fig. 3 for the walk-off pa- In pgrtlcular, this example yields that the abSOI_Ute am_j con-
rameter usedg, =0.15). vective threshold are separated by 0.525 W. Finally, in this
example, seven stripes can be accommodated in the pumping
ntegration. The governing equations were in factn this e S0 TSI S SUSIEER BCRatol o0 RS
ample integrated for 2000 time units, which is already %the theory, the numerical resolutions, and the available data

highly demanding computational problem for such large 2DOn realizable experimental set-up.

systems on a high-speed workstation. The position of the : .
" : As a final remark, we want to stress the main reasons that
transition from the convectively to the absolutely unstable. . . : T
S . : ustify this statement. The walk-off is an intrinsic effect of
regime is in very good agreement with the value predicted b . ; o .
arametric down-conversion as soon as birefringent media

the analysis. are used53]. The convective regime is the first to appear
Note [Figs. 4a) and %a)] that both the dynamics- and above threshold; there is no particular power requirement

noise-sustained patterns obtained are much more intense than . ;
; o . except that of being at the sign@nd thus pattepngenera-
the noise level. In our numerical integration we found up to

11 orders of magnitude of intensity amplification. In this fuon threshold. The structure is as intense as the one observed

regard it is worth pointing out that, in principle, with an in the absolutely unstable regime, so that it can be directly

arbitrarily large systen(in the direction of the advectigrthe detected, noise having been amplified many orders of mag-

factor could also be arbitrarily large. Of course, in the case oF'tUde' The direct detection of the NF and FF shows clear

the OPO the beam size of a real laser pump has physical an@ggrprints of the nature of the pattern, and thgs allows one
}0 distinguish when a noise- or dynamics-sustained pattern is

technological constraints to be taken into account, as we wil . o > i
discuss below. obse_rved. Finally, even_lf _dlrect_observatlon is not po§5|ble_,
the time spectral analysis is straightforwardly simple, since it
relies on the detection of a well developed optical field in-
V. FINAL DISCUSSION AND CONCLUSIONS tensity oscillatior{54]. It is also worth mentioning that in the
. o ) . ) case of drift instabilities with Kerr-like nonlinearities, the
We dedicate this final section to a discussion of the probeyistence of “broad frequency distributions” in the spectral
lems related to a possible experimental observation of ”Ois%nalysis[G], “small oscillations confused with noise[9],
sustained structures, and to present our conclusions. Thghd “random pattern precursors[55] have been already
typical parameter values with the current, available material%ported but not fully investigated and explained.
and technology can be roughly estimated as follows. Nonlin- | conclusion we have theoretically demonstrated the ex-
ear crystaldsee, for example, Reff42], Table 19.6-1, and istence of noise-sustained structures in a model of type |,
Ref. [52]) can have a nonlinear coefficienty} up to the  degenerate optical parametric oscillators for negative signal
order of 100 pm/V. Let us set the refractive indexrat detuning. We analyzed in detail the formation of transversal
=3.5 and a crystal length df=8 mm; let us also set the two-dimensional structures in the optical field intensity. Spe-
cavity transmittivity atT=0.05, which would yield a cavity cial features appear, due to the two-dimensional modeling
decay rate of about 0.5 GHz and thus fix the time unit toand the presence of the walk-off. The latter effect causes the
about 2 ns. The pump laser could be a frequency doubled cinstability to be convective, just above threshold, and thus
Nd:YAG (yttrium aluminum garnef emitting at 532 nm noise-sustained structures can be found in this regime. We
with an average power of about 15 W that we suppose to belentified the main features that help to distinguish the
uniformly distributed over a 4.8-mm-diameter spot, so thatdynamics-sustained structure in the absolutely unstable re-
the intensity isl =83 W/cnf. The amplitude of the input gime from the noise-sustained pattern in the convectively
electric field provided is therey= y21/€,c=0.25 kV/cm, unstable regime. A simple direct detection of the near and far
(&g is the vacuum permittivitywhich suffices to bring the fields or a time-spectral analysis are apt to discern the nature
OPO to threshold because with these values we can obtaif the pattern under investigation.

VARIANCE ¢,
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The walk-off also breaks the rotational symmetry of thesustained structures may become a paradigmatic example to
system, causing a preferential orientation of the pattern besearch for quantum statistics and quantum correlations in
cause of the advection-spreading balance mechanism, whichacroscopic, spatially structured optical systems.
is peculiar of a convective system. This symmetry breaking We point out that the results of this analysis, as well as
also manifests itself in the coexistence of absolutely and corthe methods used, are very general, and can be used as a
vectively unstable modes for pump amplitudes slightly aboveeference to study pattern formation in convective, 2D sys-

the absolute instability threshold. tems, in other branches of physics.
It is well known that OPQO'’s are devices suitable for the
generation of nonclassical states of light. Here we demon- ACKNOWLEDGMENTS
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